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S ■ Abstract 



We show that the embedding of either a static or a time dependent maximally 

3-symmetric brane with non-zero spatial curvature k into a non-compactified 

AdS^ bulk does not yield exponential suppression of the geometry away from 

CN ■ the brane. Implications of this result for brane-localized gravity are discussed. 

> 

in 

O : I- STATIC BRANES 

a^ 

Q ■ It was recently pointed out |I|J^ that if our 4-dimensional universe is a 3-brane embedded 

O ■ in an infinite, non-compactified, 5-dimensional bulk AdS^ spacetime, the AdS^ bulk geometry 

could then lead to an exponential suppression of the geometry in distance w away from the 
brane and thereby localize gravity to it, thus making it possible for us to actually be living in 
a space with an infinite extra dimension. Specifically, Randall and Sundrum (RS) considered 

>-Ch ■ the case of a static Minkowski brane at w = with a cosmological constant A embedded in 

a non-compactified w -^ —w Z^ invariant bulk with cosmological constant A5, and showed 

K> , that the 5-dimensional Einstein equations 

Gab = -4[^59AB + T^J'^6''sS{w)] (1) 

(here A,B = 0, 1, 2, 3, 5; /x, z/ = 0, 1, 2, 3, T'^^ = diag{—X, A, A, A)) had solution 

ds^RS) = dw^ + e-2«l-l/^(-rft2 + dr^ + r^dn) (2) 

where 2^/R = t^l^^/^, 4^^/i?^ = — 2fi;5A5/3. A positive sign for A then leads to an expo- 
nential (warp factor) suppression in distance w away from either side of the brane of both 
the geometry and the graviton propagator [jl],!],^ , with the propagator for widely sep- 
arated points on the brane being found to be [|I1,0,3 the standard 4-dimensional 1/g^ one. 
Intriguing as this possibility is, it is important to see just how general it actually is and just 
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how sensitive it is to the matter content on the brane, and, indeed, already even in the RS 
model itself, no exponential suppression is found in the case where A is negative (a grow- 
ing exponential "antiwarp" case). Consequently, in this paper we shall explore a different 
structure on the brane, one with a more general perfect fluid brane energy-momentum ten- 
sor T^i^ = diag{—pb, pb, pb, pb) and a geometry [viz. Robertson- Walker (RW)] lower than the 
maximally 4-symmetric Minkowski one considered by Randall and Sundrum, to then find in 
the illustrative case of a brane with non-zero constant spatial 3-curvature k embedded in an 
infinite 5-dimensional spacetime endowed with a cosmological constant, that there is no ex- 
ponential suppression of the propagator no matter what the signs of pb or k. B Exponential 
suppression is thus seen not to be a generic property of AdS^ embeddings. 

For the case first of a static, maximally symmetric 3-space embedded in a general (i.e. 
not yet AdS^) 5 space, the most general allowed time independent metric is given by 

ds^ = dw^ - dt'e\w)lf{w) + f{w)[dr^/{l - kr^) + r^dn] (3) 

In such a geometry the Einstein equations take the form 

G\ = -3/72/ + 3A;// = kI[K, + pb5{w)l 
G\ = G\ = G% = -r/2f - e"/e + k/f = -f,l[-A, + p.Siw)], 

G% = -3f'e'/2fe + 3k/f = KlA,, (4) 

with the most general solution being found to be given by (without loss of generality the 
parameter u is taken to be positive) 

f{w) = ae"^""^ + /?e-''l"'l - 2k/u\ e{w) = ae"^""^ - (3e-'^'"\ 
e\w)/f{w) = f{w) + 4k/u' - 4{a(3 - e/v')/f{w), v = +[-24k,/?,fl\ (5) 

with the Israel junction conditions §] at the brane Q entailing 

?,v{(3-a) = {a + ^-2k/v^)tilpb, 6u{a + (3) = {a - (3)i4{pb + ^Pb)- (6) 



In general then we see [^ that we get both the warp and antiwarp factors (rather than just 
either one of them) in the RW case, with gravity thus not automatically now being suppressed 
away from the brane despite the presence of a bulk cosmological constant. Moreover, even if 
we make the judicious and very specific choice of matter fields nfiSpb + PbY + 24A5 = 0, to 
thereby eliminate the a (or the /3) dependent term in Eq. (^ |TD|, f{w) will still asymptote 
to a non- vanishing value of — 2/c/i/^, with non-zero k (of either possible sign) explicitly 
preventing localization of gravity. 

Now, in reaching this negative result (we show below that the result continues to hold 
even if we take the geometry to be non-static as well), it is important to note that in the 
above solution the bulk geometry is not necessarily the AdS^ one that it would have been 
in the absence of the brane. And, indeed, for a given bulk geometry to be maximally 5- 
symmetric, not only must its Einstein tensor be proportional to the metric tensor (as is 
the case away from the brane in Eq. (|l])), but also its Weyl tensor must vanish identically. 
However, for the geometry associated with the general metric of Eq. (^) 10 components of 
the bulk Weyl tensor (the 6 C^y^i, with p ^ v and the 4 6*^5^5) are found to be non-zero, 
with all of them being found to be kinematically proportional to 



C'\^ = [-2eff" + Sef" - 2efk - Se'ff + 2fe"]/l2ef'. (7) 

We thus see that in the general solution of Eq. (|^) the Weyl tensor is not in fact zero (nor even 
necessarily asymptotically zero - in the a = case for instance, C^'^12 ~^ ^^^5^5/6 7^ 0). B 
Moreover, from the point of view of the matter fields on the brane, there is no apparent reason 
why the bulk geometry should in fact be AdS^ once a lower symmetry (only 3-symmetric) 
brane is introduced. However, since it is topologically possible to embed the A; > S'3 and 
A; < -R3 spaces of constant spatial 3-curvature into the spatial part of the i?i x i?4 universal 
covering of AdS^, it is possible to find particular values of the metric coefficients a and 13 
for which the Weyl tensor will in fact vanish, with it in fact being found to do so in the 
solution of Eq. (^) provided 

a/3 - fcVz/^ = 0, (8) 

a condition under which the Israel junction conditions then require the matter fields to obey 
the very specific constraint 

/€2p,(2p, + 3pfe) = 6A5, (9) 

a constraint which incidentally requires the product pbPf, to expressly be negative. Since 
there is no obvious reason why the bulk and brane matter fields are obliged to have to be 
related in this very particular manner fi^ (and even if they were, the non-vanishing of k 
then requires the presence of both the converging and diverging exponentials), we see that, 
other than in this very special case, the lowering of the symmetry on the brane entails the 
lowering of the symmetry in the bulk, and that, regardless of what constraint we may or 
may not impose on the matter fields, in no case do we obtain exponential suppression. 

While there would not appear to be any way to avoid this negative result in general, we 
note that it might still be possible to do so in the restricted case where the post-embedding 
bulk is in fact taken to be AdS^. Specifically, since we would then have two AdS^ patches 
in the bulk in this particular case, each one of them can then be brought to the ds^ = 
dw"^ + e~'^^^^^{—dt'^ + dr'^ + r'^dO.) form, (i.e. to the form 



ds 



2 



dw^ + e-2«'^/^e±'^''(-z/2dr/V4 + dx^ + sinh\dQ) (10) 

where r = e^'^'^^'^sinhx-, t = e'^'^^^'^coshx), and thus we need to determine which sign of ^ 
is then found to ensue for each patch. Thus it could be the case that the presence of the 
diverging exponential might only have been due to a particular choice of coordinates. As we 
shall see though, this will not in fact turn out to be the case, though investigation of the 
issue will prove to be instructive. 

In analyzing the ajS — k"^ /v^ = case, we note first that since in this case the metric 
coefficients are given by f{w) = ae^'l"'! + /Je"'^!"'! - 2k/p'^, eV/ = ae'^l'"! + pe-"^""^ + 2k/iy'^, 
we see that there is no point at which both metric coefficients can simultaneously vanish. 
However, it is possible for one to vanish somewhere. Specifically, if we define a = e'^~'^^°, 
P ^ ^a+uwo^ ^2vw^ ^ 1^1^^ ga ^ \k\ / u"^ , for k = +1 WQ find that 

/ = {4:/v'^)sinh'^{vwo/2 - v\w\/2), eV/ = {4:/v'^)cosh^{vwo/2 - v\w\/2), (11) 

and for k = —1 that 



/ = {A/p')cosh\pwo/2 - u\w\/2), ey f = {A/u')sinh\pwo/2 - z/|w|/2). (12) 

Thus for wq negative, all of these metric coefficients will be at their absolute minimum values 
at the brane, and thus diverge away from the brane no matter what the sign of /c, but for 
wq positive, they will all be at local maxima at the brane, and actually fall (monotonically) 
until the points w = ±Wo are reached. 'EJ Discussion of the various cases thus depends on 
whether wq is positive or negative, i.e. on whether (3/a is greater or lesser than one. Since 
for a Minkowski signatured metric the quantity /(O) = a + (3 — 2k/ v"^ must necessarily be 
positive, we see from the Israel junction conditions of Eq. (|^) that Wq is negative if p^ is 
negative, while being positive if p^ is positive. We must thus treat these two cases separately, 
and since for our purposes here it is sufficient to show that there is at least one case in which 
there is an ^ < antiwarp factor when the RW metric is brought to a form analogous to 
that of Eq. (0), we shall now investigate this issue in detail in the negative curvature case. 
While not at all essential in the following, we nonetheless find it convenient to normalize 
the fields so that /(O) = 1. GJ On restricting now to A; = —1, in the p^ < case first where 
the parameter Wq is given by Wq = —u'^L^^l) where 

L±{f) = log[u'f/2 - 1 ± v{y^f - Aff'^A = -^t(/)> (13) 

the coordinate transformation 

w = [wo + u-'L+{-f)]e{-f - 1) - [wo + u-^L+{l/-f)]e{l - 7), r = sinhx' , 
2t = {vw' + log\{y''-i - A)/{u^ - 4)]}^(7 - 1) + {z/r/' - log[{u^ - Ai)l{i? - 4)]}^(1 - 7) (14) 

where 7 = e^"^ ~^^ (and where Q[wq + z/^^L_|_(7)) = 9{'-j — 1) for wq negative) is found to 
bring the metric of Eq. (|^) to the form 

ds^ = dw'^ + [e"('''-"'')e(r7' - w') + e-'^('''-"'')0(w;' - r/')] 

X [-v^dr]'^/A + rfx'^ + sinh\'dQ] . (15) 

Comparing with Eq. (|T0|) we thus recognize Eq. (^5[) to precisely possess an antiwarp factor, 
just as we had anticipated. Additionally, we also see that in the antiwarp factor coordinate 
system associated with Eq. (|15D the brane is not at rest. Thus once the brane has a matter 
field source other than a pure cosmo logical constant, it will not be a rest in a pure warp 
factor or pure antiwarp factor coordinate system. Moreover, it is to be expected that the 
brane would not be at rest in Eq. (|15D since the original Z2 symmetry was with respect to 
the coordinate w, with there being no Z2 symmetry in the new coordinate w'. (Rather the 
Z2 symmetry of the e'^'-'' ""^ ^6(7]' — w') + e"'"*^'' """ ^9{w' — r]') term is with respect to the light 
cone coordinate w' — rj' instead.) It is thus the absence of any w' -^ —w' symmetry in the 
primed coordinate system which prevents Eq. (|T5|) from leading to localization of gravity. EJ 
In the Pb > case where Wq = z/^^L+(l), the coordinate transformation GJ 

w=[wo + u'^L+{-f)]e{wo + v-^L^il)) + K + z/-^L„(7)]e(wo + v'^L_{-i)) 
-K + y-^L.{lh)]e{w, + z/-iL_(l/7)) - [wo + z/-^L+(l/7)]0(wo + z/-'L+(1/7)), (16) 

2t = {vw' + log\{y''^ - A)/{u^ - 4)]}^(«;o + i^-'L+{^)) + 

{-vw' - log[{v^^ - 4)/(z/2 - A)]}e{wo + y-^L_{^)) + 

{-z/r/' + /o(?[(z/2 - 47)/(z/2 _ 4)]}^(^o + y-'L^{lh)) + 

{u^' - log[iu' - 47)/(z.2 - A)]}9iwo + ^-^^+(1/7)) (17) 



brings the metric to the form 

ds'' = dw'^ + {e'^('''""'')e(7 - 4/z/2)[l + 6(1 - 7)] + 
g-Kr,'-«-')^(^,2/4 _ ^)[i + ^(^ _ 1)} X [-u^di^A + dx'^ + sinh\'dn]. (18) 

Thus for pf, positive we again generate an antiwarp factor, with gravity thus not bein 
locahzed to the brane for non-zero k even for "attractive" pb positive matter sources. E. 
Consequently, having an exphcit AdSr, geometry in the bulk is not sufficient in and of itself 
to always guarantee localization of gravity. 

II. NON-STATIC BRANES 

For a non-static, maximally symmetric 3-space embedded in a general (i.e. not yet AdS^) 
5 space, the most general allowed metric can be taken to be given by Il§ 

ds"^ = dw^ - dt'^e\w,t)/f{w,t) + f{w,t)[dry{l - kr^)+r^dn]. (19) 

For this metric the components of the Einstein tensor are given by (the dot and the prime 
denote derivatives with respect to t and w respectively) 

G°o = -3/72/ + 3A;// + 3/V4eV, 
G\ = G\ = G', = -f"/2f - e"/e + k/f + f/e' + f'/Ae'f - e//e^ 

G% = -3f'e'/2fe + 3k/ f + 3f/2e' + 3p/Ae^f - 3ef/2e', 

G\ = 3e'f/2e' - 3f /2e\ (20) 

while the non-vanishing components of the Weyl tensor (the 6 C^i/^^ with p ^ v and the 4 
C^s^s) are all found to be proportional to 

C^0505 = (4eV/" - 6eV'' + 4eVA: + ee^e'/' - 4eV'e" - 2ef] + e//^ + 2fef)/8ef, 

(21) 

with the kinematic relation 

4/^Co505 + 2e'f{G% - G% - G\) = 6e'ff" - 3e'f (22) 

being found to hold identically (in the coordinate gauge associated with Eq. (19)). 

Solving the theory with the same (but now time dependent) sources as in the static case 
discussed earlier is now straightforward. The non-trivial (/ 7^ 0) vanishing of G^q entails 
that 

e = A{t)f (23) 

where A{t) is an arbitrary function of t. Setting G^q equal to — 3z/^/2 in the bulk entails that 

/" = l/2A^ + 2k + u'^f (24) 

so that 



e = A/A^u^ + Aae^^'"^ + A$e~''^'"\ (25) 

where a and f3 depend on t. Similarly, setting G^^ equal to — 3z/^/2 in the bulk entails that 

/'2_4^^_^2^2_^/^2^^(|^|^ (26) 

where i?(|w7|) is an arbitrary function of |w| which must be continuous at the brane. EJ 
However, compatibility with Eq. (^) then entails that B must actually be constant, with 
the time dependent functions in the solution of Eq. (|25|) then being related according to ^ 

(1 + AA^kf/lQA'' - u^ap = u^B/A. (27) 

Further, the Israel junction conditions at the brane, yield (see e.g. Binetruy et. al. 0) 

3z/(/3-a) = /(0,t)/€2p,, 6i^[d-/5] = /(0,t)fi:^(pb + 3pb) (28) 

(with the standard ph + 3/(0, t)(pfe + pf,)/2/(0, t) = then being recovered). Thus, just as in 
the static case, we once again find that in general (i.e. for completely arbitrary p;,, pb) there 
is no asymptotic suppression of the metric coefficients. 

Moreover, if we additionally require the bulk to be AdS^, the requisite vanishing of the 
Weyl tensor then imposes the additional condition 

Vf" - f" - ^'f = (29) 

in the bulk, to require that B actually be zero, with a and f3 then having to be related to 
each other according to 

{1 + AA^ kf/ 16 A^ = iy^af3, (30) 

with the metric coefficient f{w,t) then being given as 

f{w, t) = (ai/^e'^l-l/^ - /5V2e-H-l/2)2_ (3^^ 

lYioTn Eq. ( pOD we see that product a/3 must thus be non-negative (and even necessarily 
greater than zero in the /c > case). Hence even in the time dependent case, there is still 
no exponential suppression of the geometry for a non-spatially flat brane embedded in an 
AdS^ bulk. 
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g^^^ {dw / dx ^){dw / dxy) = 1, (?*"' = g'^^{dt/dx^){dw/dxy) = in the two dimensional 
(x^,a;^) space, the general maximally 3-symmetric ds^ = gu{dx^y + 2gi2dx^dx^ + 
g22{dx'^y + f {x^ , x'^)[dr'^ / [1 — kr"^) + r^dfi] metric can be brought to the form exhib- 
ited in Eq. (|l^). Consequently, the metric coefficient g^w will only depart from one in 
fluctuations of the geometry which are less than maximally 3-symmetric. 

[19] While -B(|w|) could in principle take different values on the two sides of the brane, 
because it is related to /'^ it in fact does not. 

Given Eq. (pTj), the one remaining Einstein equation (which can conveniently be given 
as G\ - G%/2 - 3G\/2 = 3{ef" + fe" - e'f')/2ef = 3p'^/2 in the bulk) is then satisfied 
identically by the solution of Eq. (p5|). 



